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1. INTRODUCTION

Leavitt path algebras were first introduced by Abrams and Aranda Pino in [4] as an
algebraic analogue of graph C*-algebras. This analogue is in the sense that the C*-algebra
of a graph is the norm completion of its Leavitt path algebra [21, Theorem 7.3]. These
algebras were initially defined only for row-finite directed graphs with no sinks, but the
later work [3] generalizes these algebras to any directed graph. Many of the theorems
initially proven for the row-finite, no sinks case have been shown to hold true in the
arbitrary case as well under more general conditions, for an example see [2I, Theorem
6.18]. Leavitt path algebras form a broad class of algebras that cover many well known
classes of algebras such as Matrix algebras and Laurent polynomial algebras [4, Example
1.4]. It turns out that many of the properties of a Leavitt path algebra are uniquely
determined by the structure of the underlying graph. For examples of this see [4, Theorem
3.11] for a characterization of simple Leavitt path algebras, and [2, Theorem 4.2] for the
description of the center of simple Leavitt path algebras. Because of this correlation
between the structure of the graph and its Leavitt path algebra we can construct highly
non-trivial examples of algebras satisfying certain conditions by simply constructing a
graph that satisfies the equivalent conditions.

A generalization of Leavitt path algebras of row-finite graphs with no sinks was intro-
duced by Aranda Pino, (J.) Clark, an Huef and Raeburn in [7] in which they construct a
class of algebras associated to row-finite higher rank graphs ( introduced in [12]) with no
sinks. They call this new class of algebras Kumjian-Pask algebras. Since their introduc-
tion in 2011 there have been several papers published on the structure of these algebras.
These include a classification of the ideal structure [7], as well as a classification of the cen-
ter [I]. As in the case with Leavitt path algebras the structure of Kumjian-Pask algebras
seems to be uniquely determined by the structure of the underlying k-graph. This class
of algebras include several interesting algebras not covered under Leavitt path algebras.
For example a Laurent polynomial algebra in multiple dimensions can be realized as a
Kumjian-Pask algebra [7, Remark 7.2]

Let G be an ample groupoid and R a commutative ring with identity. The Steinberg
algebra Ag(G) was first introduced in [I8] as a model for inverse semi-group algebras.
They were also examined in [9] with R := C as a generalization of Kumjian-Pask algebras,
and in particular, Leavitt path algebras of row-finite directed graphs with no sinks. These
algebras are of use to study as they seem to include examples of algebras that are not
Kumjian-Pask algebras ( see [9, Example 5.9]). They also allow the use of the groupoid
structure in proofs which may provide new insight on the theory of Kumjian-Pask algebras

as well as simplify arguments in existing proofs.



Steinberg algebras have not yet been extensively studied in the literature. Since their
introduction in [I8] there have been 5 papers published [19][11][8][9][6] on the subject.
These papers have mostly dealt with generalizing results known for Kumjian-Pask alge-
bras and the appropriate Leavitt path algebras up to the more general case of Steinberg
algebras.

Steinberg, along with introducing them, proves several theorems about Steinberg al-
gebras in [I8]. He characterizes the center of Ag(G) in the general case as well giving
necessary and sufficient conditions for the algebra to be unital. He also shows that the
class of algebras known as Semigroup algebras are in fact Steinberg algebras. This pro-
vides another source of examples that may prove useful in further understanding these
algebras. In his follow up paper [19], Steinberg studies the simplicity, primitivity and
semiprimitivity of Steinberg algebras.

In [9] the authors give a proof that the class of Steinberg algebras generalizes the class
of Kumjian-Pask algebras. They also generalize several known results about Kumjian-
Pask algebras up to the Steinberg algebra setting. An important one of these is a Cuntz-
Krieger uniqueness theorem which characterizes the injectivity of a homomorphism from a
Steinberg algebra to an R-algebra when the underlying groupoid is topologically principle.
Cuntz-Krieger uniqueness theorems were initially introduced for graph C'x-algebras and
proved to be an important tool for classifying ideals in these algebras. For example in [17]
the author uses the uniqueness theorem to completely classify the graded ideal structure.
Because of the usefulness of the Cuntz-Krieger uniqueness theorem analogous algebra
versions of have been established for Leavitt path algebras [21]]20] and Kumjian-Pask
alebras [7].

Still in the case where R := C the paper [6] makes the first attempt at classifying
the ideal structure of these algebras by finding a necessary and sufficient condition for a
Steinberg algebra to be simple. They also characterize the ideal structure of a groupoid
C*-algebra when the underlying groupoid is strongly effective(see Section [2)) and second
countable. This later result is of particular importance to us as we base the main proof
of this thesis on the methods of [6, Corollary 5.9].

The authors of [I1] give a sufficient condition for two Steinberg algebras to be Morita
equivalent ( see [I5, Definition 1]). They show that if groupoids are equivalent in the
sense of [I1, Definition 4.1] they have Morita equivalent Steinberg algebras. This result
is analogous to a similar theorem known for groupoid C*-algebras.

In [8] we attempt to generalize the results of [6] and [9] to the case where R is any
commutative ring with identity. This was motivated by a similar generalization of Leavitt

path algebras as done in [21] by Tomforde. Here the we combine the techniques used in
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[21] to adjust the proofs of several theorems in [6] and [9] to prove these broader results.
In particular we use the idea of a basic ideal from [2I] which stops the ideal structure of
the underlying ring effecting the ideal structure of the algebra, allowing us to focus on the
effect of the groupoid structure. In this thesis we are considering Steinberg algebras over
arbitrary commutative rings with identity so we will also use the notion of a basic ideal.
Of the theorems proved in this paper of particular relevance to this thesis is an extended
version of a Cuntz-Krieger uniqueness theorem that applies to Steinberg algebras over over
arbitrary commutative rings with identity. We also relax the condition of the groupoid
being topologically principle to the weaker condition of effective. In addition we give the
complete classification of basically simple Steinberg algebras.

In this thesis we attempt to further classify the ideal structure of Steinberg algebras. In
section 4 we prove an analogous result to a known theorem for groupoid C*-algebras shown
in [6, Theorem 4.9]. This theorem characterizes the basic ideal structure of Ag(G) when
G satisfies a condition which we call strongly effective. We also weaken the hypothesis that
was used in the groupoid C*-algebra version as we don’t require GG to be second countable.
Due to the similar nature of the proofs it may be possible to prove this stronger result for
groupoid C*-algebras using similar techniques that we use in our proof. C*-algebraists
may find the result of section 4 interesting as it shows that the norm of a groupoid
C*-algebra does not effect the ideal structure in this setting.

In section 4 we use the basic ideal theory we have already established in section 4 to
study the more general ideal theory. As we are now dealing with non-basic ideals we now
also have to consider the structure of the ring as well as the structure of the groupoid as
both can effect the ideal structure of a Steinberg algebra as we show in our preliminaries.
Non-basic ideals were studied in the Kumjian-Pask algebra setting where the authors
create a map from the set of ideals in the ring to the ideals of a Kumjian-Pask algebra. In
particular they show that this map is bijective when the underling higher rank graph of
the algebra satisfies the equivalent conditions of effective and minimal. Motivated by this
idea we extend the map they introduce so that it also takes into account the structure of
the underlying groupoid, and hence includes more of ideals of the algebra. We initially
hoped to show this map was a bijection when G is strongly effective but unfortunately
we have not been able to prove it is so. We show that the map is injective in general
and bijective when G is minimal and effective which is the extention of the Kumjian-Pask
alegbra result. We leave that the map is surjective when G is strongly effective as a
conjecture that could be investigated as an extension to this thesis. We include a lemma

at the end of this thesis that summarizes our work on the conjecture.



2. PRELIMINARIES

2.1. Groupoids. A groupoid is a generalization of a group where composition is only
defined between certain pairs of elements. The easiest way to define a groupoid is as a
small category with inverses. However in this thesis we give a more intuitive definition
for the reader that is equivalent. Following [16, Definition 2.1] we define a groupoid as

follows

Definition 2.1. Let G be a set and let G® be a subset of G x G. Suppose there is a map
(o, B) = aff from G? — G and an involution & — a~! on G, then we call G a groupoid
if the following conditions hold:

(1) If (o, B) and (3,7) are in G?| then so are (af,v) and (a, B7), and the equation,

(aB)y = a(Bv) holds.
2) For all @ € G, (a™!,a) € G® and if (o, ) € G?, then a~'(aB) = § and (aB)B~! =

Q.

We define the functions 7 and s on G by the formulae r(a) = aa™! and s(a) = a'a,
these are called the range and source maps respectively. These maps give us a convenient

way to see if elements are composable in a groupoid with the following remark

Remark 2.2. For any a, 8 € G we have (o, 3) € G if and only if s(a) = (7).
Suppose (o, B) € G@, then aff = v for some v € G and so a = y3~!. Thus
s(a) = s(v87") = s(87") = r(B).
Suppose s(a) = r(v), then a~ta = 337!, We can left multiply this equation by «

and right multiply by S by part (2) of the definition of a groupoid, this leaves us with
af3 = aff which implies that (o, 8) € G@.

We call the common image of r and s the unit space of G and denote it G,

We define the composition between two subsets A and B of a groupoid as
AB :={af:a€ A p € B,s(a) =r(p)}.

In the special case where A and B are both subsets of units this composition reduces to
set theoretic intersection. This follows as the range and source of a unit p are both equal

to u, so we get
AB = {uv:pe Ayve B, s(u)=rv)}
= {uw:peAveBu=r}
= {pp:peApe B}
= {p:peApe B}
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as units are idempotents by part (2) of the definition of a groupoid . To simplify our

notation, for a subset D C G(© we define
Gp :=s'(D) and G” :=r71(D).
We now present a few examples of groupoids.

Examples 2.3. (1) An easy example of a groupoid is a group. Here G = G x G
and the range and source maps map to the identity e of the group and hence
GO = {e}.

(2) The set of all invertible square matrices is a groupoid under multiplication with
composition defined between matrices of the same dimensions. Here the range
and source maps are equal and map an n X n-matrix to the n-dimensional identity
matrix.

(3) Given a countable directed row-finite graph with no sources E we can construct a

corresponding groupoid first introduced in [14]
Gp = {(z,n,y): 2,y € E*,0'(x) = o"(y),l — k = n}

where E*° is the set of all infinite paths in the graph, and the function o™ removes

the first n edges off a path. With composition defined by
(z,n,9)(y,m, 2) := (z,n +m, 2)

and inverse by
(SC, n, y)il = (y; —-n, 'T)J
it is shown in [14] that G is a groupoid.

We call G a topological groupoid if G is endowed with a topology such that the inverse
and composition maps are continuous. Note that this implies that the range and source
maps are continuous as well as they are the groupoid composition of the identity and
inverse map.

A bisection of G is a subset B of G such that both 7|z and s|p are homeomorphisms.
The set multiplication of bisections of a groupoid is nicely behaved with the product of
two bisections itself being a bisection [I8, Proposition 2.3].

We call G étale if both r and s are local homeomorphisms and ample if it is étale and
the topology of GG has a basis of compact bisections. For the remainder of this thesis we
will only be working exclusively with Hausdorff ample groupoids. The reason we do this
becomes clear once we introduce Steinberg Algebras.

Hausdorff ample groupoids have several nice properties that we breifly state now. An

immediate corollary to G being ample is that G is locally compact, this is because we can
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find a compact open bisection around every point and hence a compact set. As ample
implies étale [0, Lemma 2.1] we have that the functions r and s are local homeomorphisms,
and hence open maps. In particular the unit space G is open as it is the image of G
under the maps 7 and s. It can also be shown as in [I6 Section 2.1} that when G is
Hausdorff, G(© is closed. Thus for the rest of this thesis we can assume that the unit
space of whatever groupoid we are working with is both open and closed (clopen).

A groupoid G is said to be effective if every open bisection B C G'\ G contains an
element « such that r(a) # s(a). This definition is given in [0 Lemma 3.1] along with
several other equivalent characterizations. One of these equivalent characterizations that
is particularly useful in the classification of ideals in Ax(G) is that a groupoid is effective
if and only if for every compact B C G'\ G and open K C GO there exists a non-empty
open Ky C K such that KoBK, = (). We expand on this characterization below with a

lemma that we use in section [Bl

Lemma 2.4. Let G be an Hausdorff ample groupoid. Then G is effective if and only if
for every open K C G© and compact B C G such that K and B are disjoint, there exists
nonempty compact open Ko C K such that KoBKy = ().

Proof. Suppose G is effective and fix B and K as in the statement of the proof. We
write Booy = BN G and By = B\ G, these sets are compact as G(© is clopen.
We use the equivalent definition of effective [0, Lemma 3.1 (1) — (4)] to get nonempty
open Ky C K such that KoBgKy = (). We can assume K| is compact as G is ample, so
if Ko was not compact we could select a compact open subset of K, that still satisfies
the required condition. We can see that K is disjoint from B as it is a subset of K,
thus as composition of sets of units in a groupoid is the set theoretic intersection we get
KoBgo Ko = (0. Therefore KgBKy = Ky(Bg U Bgwo) ) Ko = KoBgKo U KoBgo Ko = 0.
Now suppose the reverse assumption and let B C G\ G(©) be compact and K C s(B)
be open. These sets are clearly disjoint so we get non-empty compact open Ky C K such
that KoBKy = 0. As Ky C s(B) there exists v € B with s(y) € Ky but we have that
Ko{v}Ko =0 so r(y) ¢ Ko and hence r(7) # s(v). O

For groupoids there is a similar definition called topologically principle (see the pre-
liminarys of [9]). This is a stronger condition than effective in general |5, Remark 3.7],
however when G is second countable these definitions coincide [5, Remark 3.6]. As stated
in the introduction several results shown to hold for topologically principle groupoids have

also been shown to be true for effective groupoids.
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We call a subset D of the unit space invariant if s~'(D) = r~'(D), or equivalently
r(y) € D if and only if s(y) € D for all v € G. If D is invariant then Gp is itself a
groupoid with unitspace D and Gp = GP.

Remark 2.5. It suffices to show when proving something is invariant to show that r(vy) € D

implies s(y) € D. If this is the case then suppose s(y) € D, then 7(y™') € D and so
r(v) =s(y~') € D.

Remark 2.6. For any subset K of the unit space, we can take [K] := r(s7!(K)) to get
the saturation of K, that is the smallest invariant set containing K. To show this set is
invariant let r() € r(s7'(K)), then r(y) = r(a) for some a € G© with s(a) € K. This
implies that
s(v) =r(y) =r(ya) € sTH(K),

as s(yla) = s(a) € K.

To see this is the smallest such set let D C G(© be invariant such that K C D C [K].
Let u € [K], then u = r(v) for some v € G with s(y) € K. This implies that s(v) € D,
thus as D is invariant, u = r(y) € D.

We say that a groupoid G is minimal if G® has no nontrivial open invariant subsets.

We say a groupoid is strongly effective if for every closed invariant set D C G(©) we
have that Gp is effective. Note that this definition has not been used in the literature
before. We choose to give this property a name as it will appear heavily in this thesis. A
similar version of this property has been previously used in the literature. The example
mainly of interest to us is in [0, Theorem 5.9] where they use the property that Gp is
topologically principle for each closed invariant D C G©).

We now present a few examples of Hausdorff ample groupoids.

Ezxamples 2.7. (1) Let E be a directed row-finite graph with no sinks, and consider
the groupoid G generated by this graph as in 2.3, We equip this groupoid with
the topology described in [14], section 2]|. For any finite path « in F we define the
set

Z(a)={r e P(E) 21 =01,...,T)a| = QJa|},
where P(FE) is the set of all finite paths in £. Then the sets

Z(e,B) :={(z,k,2) :x € Z(a),y € Z(B), k = |B| — ||, x; = yiyx for i > ||}

form a basis of compact open bisections for Gg[14, Proposition 2.6], hence G is
Hausdorff ample. In particular every cycle in E has an exit then G is effective[I13],

Lemma 3.4]. While it may appear to the reader the the definitions of strongly
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effective and effective are equivalent this is not the case. The following graph
demonstrates this as every loop has an exit, however the subset S = {eee...} is
closed and invariant. When we restrict our groupoid to this subset we can see it

is isomorphic to Z and hence not effective.

(2) Let G be a finite group with the discrete topology, then G is a minimal Hausdorff
ample groupoid. However GG is not effective except for the trivial group as the

range and source maps in a group are always equivalent.

2.2. Steinberg Algebras. Let R be a commutative ring with identity, for any function
f : G — R we define the support of f to be

supp(f) :={y € G: f(vy) #0}.

We define Ax(G) as the set of all locally constant functions f : G — R with compact

support. In this case locally constant means that at every point of G there exists an open
neighborhood of that point on which f is constant.
We define addition and scalar multiplication on this set to be pointwise, and multipli-

cation between elements f,g € Ar(G) as follows

(f*g)(a)= Z f(B)g(B'a) for every a € G.
r(B)=r(c)

We can see from Lemma that this sum is over all 3 such that the product 1o is
defined. It is proven in [I8, Proposition 3.5] that with these operations the set Ag(G)
becomes an R-algebra. It is clear now why we restricted our attention to Hausdorff ample
groupoids as this is the condition that guarantees that the convolution sum is finite [I8]
Propostion 3.5] and hence allows us to form this algebra.

This algebra was first introduced by Steinberg in [I8], hence we refer to these algebras
as Steinberg algebras. These algebras were also studied in [9] as generalizations of Leavitt

path algebras. In that paper they prove that Ac(Gg) is isomorphic to the Leavitt path
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algebra L¢(F), where E is a directed row-finite graph with no sinks, and G its associated
groupoid as in 2.7

The aim of this thesis is to identify ideals in Ar(G). As in the case for Leavitt path
algbras we hope to show that the ideal structure of the algebra is determined entirely by
the structure of the groupoid G. However when R is not a field we run into the problem
of ideals in our ring generating ideals in the algebra, the following example demonstrates
this.

Example 2.8. Let G be the trivial group consisting of just the identity e, and R a com-
mutative ring with identity. Then Ag(G) consists of the constant functions from e to the
ring, hence we can see that Agr(G) = R. Therefore every ideal of the ring R is going to
carried to a unique ideal of the algebra Ax(G).

We can clearly see in this case that different rings will give the algebra different ideal
structures. To get around this problem we introduce the idea of a basic ideal. These were
first introduced by Tomforde in [20] for Leavitt path algebras who encountered a similar
problem. We generalized the idea of basic ideals to Steinberg algebras in [8] with the

following definition.

Definition 2.9. We call I a basic ideal of Ag(G) if I is an ideal and if for any r € R and
K C G a compact open set, we have rl1g € I implies that 15 € I. We say Ar(Q) is

basically simple if it contains no non-trivial basic ideals.

We can see in our above example that every non-empty basic ideal must contain the
function 1.. Therefore as R1, = Ag(G) we can see that this algebra is basically simple.
This agrees with the results of [§] which states that Ar(G) is basically simple if and only
if G is both effective and minimal. Note that G is effective in this case as G\ G is
empty.
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3. BASIC RESULTS FOR STEINBERG ALGEBRAS

In this section we provide the reader with some of the basic theory of Steinberg algebras
that we will use in the rest of this thesis. This will cover many standard techniques
currently used in the field as well an important theorem that will be important when
classifying the ideal structure of these algebras. We begin this section by giving a second

characterization of the algebra.

Remark 3.1. It is shown in [9, Lemma 3.3] that Ag(G) can be realized as the finite linear R-
span of characteristic functions 15 where B is a compact open bisection. More specifically
as shown in [9, Remark 2.4] we can write each f € Ag(G) as f = >, .payly where F is
a finite family of disjoint compact open bisections. Steinberg shows the multiplication of

these characteristic functions is nicely behaved in [I8, Proposition 3.5] with
Ip*1p = 1pp,

for any compact open bisections B and D.

This alternative way to view functions in Ag(G) tends to be much easier to work with.
This can be seen in the literature as most proofs in use this characterization. Therefore
for the rest of this thesis we will use this important property without reference. In a slight
abuse of notation we will often write f € Agr(G) as f = > ayly, whenever the reader
encounters this always assume that this sum is finite with each U disjoint from the rest.

While multiplication between elements of Ag(G) is usually quite complicated due to the
convolution there are a few cases where it reduces to a much simpler form. One of these
cases we make use of in this thesis is multiplication by characteristic functions supported

entirely on units.
Remark 3.2. Given K C G and f =Y ayly € Ar(G) we have
(f*1k) = ZaUlUK = ZaUlUﬂs*l(K) = flax

and similarly for right multiplication

(Ix = f) = ZaUlKU = ZaUlUmrl(K) = flox.

In particular this implies that multiplication between two characteristic functions sup-
ported entirely on units is pointwise, and hence multiplication between any two functions

supported entirely on units is point-wise.

This is a good example of how this alternative characterization of functions can result
in simpler methods. If one attempts to prove the above result with the initial classification

of functions in Ag(G) one can see it requires several more steps.
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Due to the fact the functions of Agr(G) are locally constant it may initially appear to
the reader that these functions are not continuous. However in [§8, Remark 2.2] it is shown
that a locally constant function f : G — R is necessarily continuous for any topology on
the ring R as long as G is Hausdorff, hence we can regard Ar(G) as an algebra continuous
functions. The continuity of these functions allows for some elegant proofs of results that
initially do not seem straightforward ( for example see Lemma .

It was shown in [9, Lemma 3.2] that the support of a continuous locally constant
function f : G — C is clopen. The same argument holds for functions f : G — R for any

ring R, hence we can regard the support of a function f € Ag(G) as

supp(f) :={y € G: f(v) # 0}.

In the following sections we will often need to work with sub-algebras of the form
{f € Agr(G) : supp(f) C H} where H is an open invariant subset of G(*). We introduce
a few alternative characterizations for this sub-algebra to simplify our notation.

We first note that {f € Ar(G) : supp(f) C H} = {f € Ar(G) : flexu = 0}. We give
the quick proof of this below. Let f € {f € Ar(G) : supp(f) C H} and take a € G\ H,
then o« ¢ H so f(o) = 0. Let f € {f € Ar(G) : flexu = 0} and take o ¢ H, then
a€ G\ Hso f(a)=0.

We present a slightly more complicated characterization in the following remark.

Remark 3.3. For any open groupoid H C G we can identify the sub-algebra {f € Agr(G) :
supp(f) C H} as the algebra Ag(H). To do this we embed the elements of Ar(H) into
Ag(G) with the inclusion map

f() yeH
0 : otherwise

and claim that this map is a homomorphism with «(Ar(H)) = {f € Ar(G) : supp(f) C

Let (f) € t(Ar(H)), as H is open, open sets in H are open in G, so ¢(f) is locally
constant on G. We also have supp(¢(f)) is compact in G as for any open cover in G we
can take the intersection with H to get an open cover in H, hence ¢(f) € Ar(G). We
have supp(¢(f)) € H by the definition of ¢.

Let f € {f € Agr(G) : supp(f) C H}, then by restricting the domain of f to H we can
see that f = u(fy).

To complete the proof we need to show it is also a homomorphism, the only non-trivial

requirement to check is to show it preserves algebra multiplication. Let f,g € Ar(H) and
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take v € G, if v ¢ H then we are done. Otherwise

(fx9)() = (Fx9) ()= D f(B =D dNB BT = (W )xelg))(7)-
r(B)=r(v) r(B)=r(v)

We simply refer to this sub-algebra with the slightly lazy notation Agr(H). When the
reader encounters this we mean the sub-algebra ((Ag(H)) of Agr(G). It is important to
note however that when we are dealing with a closed sub-groupoid H that we can not
embed Ag(H) in the same way. When we are dealing with these we regard Ag(H) as an
algebra in its own right.

An important special case that we will make use of is when FE is an open subset of
units, in which case Agr(FE) is an algebra where the convolution reduces to point-wise
multiplication.

An important theorem for Steinberg algebras that we will use in the following sections
is the Cuntz-Krieger uniqueness theorem [8, Theorem 3.2]. This theorem states that for
an effective groupoid G, every non-injective R-algebra homomorphism from Az(G) — A
is non-zero on some 71z € Ag(G®). This theorem is of use to us as it has an important
corollary. This corollary states that for an effective groupoid, every non-trivial ideal
contains a function supported entirely on the unit space of the groupoid. This corollary

can in fact be expanded on as we do in Lemma |5.5]
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4. BASIC IDEAL STRUCTURE

In this section we present our first classification of the basic ideal structure of Steinberg
algebras. The main result of this section is based on [0, Theorem 5.9] which proves an
analogous result for groupoid C*-algebras. However the assumptions they use are weaker
than the ones we use here, in particular they state that G must be second countable and

topologically principle.

Theorem 4.1. Let G be an ample, Hausdorff groupoid. Suppose G is strongly effective,
then

D~ {f € Ar(G) : flg, =0}
is a bijection from the closed invariant subsets of G\© onto the basic ideals of Ar(G).

Before we can prove this theorem we first need to prove a few technical lemmas. The

first two of these deal with the injectivity of the map.

Lemma 4.2. Let G be an ample, Hausdorff groupoid, and D a subset of G. Then
{f € Ar(G) : fla, =0} ={f € Ar(G) : fla, =0}

Proof. Let g € {f € Ar(G) : fla, = 0}, then

s71(D)) ( as the source map is a continuous open map )
-1

g(s" (D)) = g
(

C g(s7H(D)) ( as g is continuous )
= {0} = {0}.
Thus g € {f € Ar(G) : flg, = 0}. The reverse inclusion is trivial as Gp C Gp. O

Lemma 4.3. Let G be an ample, Hausdorff groupoid, and D, E subsets of G©). Then
D = E if and only if

{f € Ar(G): flop =0} ={f € Ar(G) : fla, = 0}

Proof. Suppose that D = E, and let g € {f € Ar(G) : fle, = 0}. By Lemma [4.2] we
have that g € {f € Ar(G) : fla, =0} = {f € Ar(G) : fle, = 0} which implies that
g€ {f € Ar(G): fla, = 0} using Lemma [4.2] again. The reverse inclusion uses the same
argument with £ and D interchanged.

Now suppose that {f € Ar(G) : fla, =0} = {f € Ar(G) : fle, =0}, and let a € D.
Assume by way of contradiction that o ¢ E, then there exists an open set U containing

« that doesn’t intersect E ( we can assume U C G(© as G is open). As G is ample,



16

there exists a compact open set K C U containing a. We can see that K is disjoint from

E, so by Lemma {4.2| we get

I € {f € Ar(G) = flop =0} ={f € Ar(G) : flap, =0} ={f € Ar(G) : fla, =0}

This implies that K and D are disjoint, a contradiction as « is contained in both sets.
Thus D C E, the reverse inclusion follows with D and E interchanged. O

With these lemmas it is now easy to show the injectivity of the map defined in 4.1, We
present this in a separate lemma as it does not require the assumption that G is strongly

effective.

Lemma 4.4. Let G be an ample Hausdorff groupoid and R a commutative ring with
identity, then the map given in Theorem [{.1] is injective and maps into the basic ideals of
Ar(G).

Proof. First we claim that if D is a closed invariant subset of G(©) then {f € Ar(G) :
flap = 0} is a basic ideal. To prove this let g € Ag(G), h € {f € Ar(G) : f|e, =0} and
a € Gp, then we have that

(gxh)(@) = > gBh(B ')

B:ir(B)=r(a)
For each 8 € G we have that s(f7'a) = a7 '887'a = s(a) € D. Thus ~'a € Gp, so
h(87ta) = 0 and therefore (g * h)(a) = 0. We also have that

(hxg))= > hBg(F 'a).

Bir(B)=r(a)
As a € Gp we get that a € GP as D is invariant, so r(a) € D. Thus for any 8 € G
with r(3) = r(a) we get that r(8) € D. Therefore 3 € GP = Gp as D is invariant, so
h(8) = 0. Hence (h*g)(a) =0, and so {f € Ar(G) : f|g, = 0} is an ideal. The fact it is
a basic ideal follows from the construction of the set, as for any » € R\ {0} and compact
open K C G we have that rlx|g, =0 < 1xlg, = 0.

To see this map in injective, let D and E be closed subsets of G(*) such that D # FE.

Then Lemma [4.3) implies that {f € Ar(G) : fla, =0} # {f € Ar(G) : flc, = 0}. O

To show the surjectivity we need to find an inverse map. We will show that given a

basic ideal I, the map [ N £71(0) is the inverse.
fEIﬂAR(G(0>)

Lemma 4.5. Let G be an ample, Hausdorff groupoid, and I a basic ideal of Ag(G). Then
the set

D= () 40

FEINAR(G)
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is a closed invariant subset of G,

Proof. If I N Agr(G©) is empty, then D = G© which is trivially invariant, so we can
assume 1N Ag(G©®) is non-empty. We will show D is invariant by proving its complement
is invariant. Suppose that s(y) & D, then there exists f € I N Ar(G®) such that

f(s(y)) # 0. We can write
= Z arlk,

KeF
where F is a finite collection of disjoint compact open subsets of G(®). We have that
s(y) € supp(f) so there exists a unique Ky € F such that s(v) € Ky, and as G is ample
there exists a compact open bisection B that contains 7. Note that we can assume that
s(B) C Ky by taking the intersection of B with s™!(K;). Then
lp* f*lp1 = Z axlprp-1 = aKx,lBK,B-1,
KeF
as BKB™! = {r(B) : B € Band s(8) € K} for each K € F, so we can see that
BKB™! =0 for every K # Ky as F is a disjoint family. Thus 1p * f * 1z-1(r(7)) # 0, so
r(v) ¢ D. To see that D is closed notice that f~'(0) is closed for each f € I N Ar(G©®)

as f is continuous. Thus D is an intersection of closed sets, so it is closed. 0

Before the reader carries on we recommend they review Remark to understand the

notation used in the following proofs.

Lemma 4.6. Let G be an ample, Hausdorff groupoid, and I a basic ideal of Ag(G). Then
AR(GUN\ D) = 1N AR(GY)

where

D:= () [0

fEIﬂAR(G(0>)

Proof. To show the reverse containment let f € I N Ar(G®), then f(D) = 0 by the
construction of D, thus f € Ar(G® \ D). Now for the forward containment let f €
Ar(G\ D), then for each pu € supp(f), there exists a f, € [N Agr(G®) and r € R\ {0}

such that f,(u) = r. We can write f, = ) axlk where F' is a finite family of disjoint
KeF

open subsets of G, hence there exists K, € F such that ax, = r and p € K,. As
multiplication in Ar(G®) is pointwise we can see that rlg, = f, * lx, € I N Ar(G,
therefore 1, € I N Ar(G") as I is a basic ideal. As the collection {1x, : p € supp(f)}
covers supp(f) there exists a finite sub-collection ® (of size n) that covers supp(f). We

will now construct lgpr) from the elements of ®. To do this first notice that for any
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U,Upy € ® that 1y,ny, = 1y, * 1y, € 1IN Ag(G®). By induction this holds for any
arbitrary intersections of elements of ®. Thus using inclusion-exclusion we get
Lapp(n) = D (=) 01y,
vCo

Thus lpp(s) € 1 NAR(G®) and so f = f * Laupp(s) € I N Ar(G©). O

With this Lemma we can reprove one direction of the basic simplicity theorem in [8]
Theorem 4.1] using a different argument. The authors of [8] prove this theorem using
several technical lemmas. We present a much more straightforward approach that is
easier for the reader to understand. The basic outline of the proof is to show that for an
effective groupoid, every non-trivial ideal must contain a function entirely supported on
the unit-space, and for a minimal groupoid, no such ideal can contain one. Note that in

the original paper this is a if and only if statement.

Corollary 4.7. Let G be an ample, Hausdorff groupoid. Suppose G is effective and

minimal, then Ar(G) is basically simple.

Proof. Let I be a non-trivial basic ideal of Ag(G), then by Lemma 4.5/ we have that
D:= () [0

fEINAR(GO)
is an invariant subset of G(®. As G is minimal we must have that either D = G© or
D = 0.

Suppose by way of contradiction that D = G, then by Lemma we get that
INAR(G®) = {0}. However this is a contradiction as G is effective, so [8, Corollary 3.3]
implies there exists K C G(© such that 15 € I. Therefore D = (), so Lemma gives us
that I N Ar(G®) = Ar(G®), hence Ax(G®) C I. We next claim that I = Ag(G), to

see this let f € Ar(G) and write f = > ayly, where F' is a finite family of disjoint open
UeF
bisections. Fix a U € F, then 1,y € I which implies that 1y = 1y * 1) € 1. Therefore

f= ZUJUlUE[' ]
UeF

Remark 4.8. From this corollary we can get a result for finite group algebras over a field.
As in a group the range and source maps of a group are equal so every non-trivial group

is not effective. Therefore every non-trivial finite group algebra is non-simple.
With these lemmas in place we can now prove our main theorem in this section.

Proof of Theorem[{.1 By Lemma [4.4 is suffices to show that the map in surjective. Let
I be a basic ideal of Ar(G), then we claim that

(feA@): flo,. =0V=1

c(O\p



19

with

D= () 10

FEINAR(G)

which is a closed invariant set by Lemma
We define the restriction from Agr(G) — Ar(Gp) with the map

p(f) = flap-

We claim this map is a homomorphism, the fact it preserves addition and ring multipli-
cation is easy to verify. To see it preserves algebra multiplication let f,g € Agr(G), then
fora e G

o(f * g)(a Z TPloss(5 'a)lay = p(f) * pl9).
r(B)=

Thus this map carries the ideal I of Ag(G) to the ideal p(I) of Ar(Gp). We claim that
ARg(D) and the ideal p(I) have trivial intersection. To see this let 15 € p(I) with K C D,
then there exists f € I such that 1x = p(f). Define H := supp(f) \ G¥, we can see H is
compact and open as G is closed, thus s(H) is compact and open as s is a continuous
open map. As p(f) = fla, = 1k we can see that s(H) and D are disjoint, to see this let
wes(H)yND. As u € s(H) there exists v € H with s(v) = p € D, hence f(vy) # 0. This
however is a contraction as v € Gp so f(y) = 1x(y) = 0.

We claim that (f — f * 1)) € Ar(G?) and that K C supp(f — f * 1ygn). First let
a € G\ G, we have (f — f * Lym)(a) = f(a) — f(a)lsm(s(a)). If a ¢ supp(f) then
this equals 0 and we are done, otherwise o € H which implies 1, (s()) = 1. Either
way (f — f * L) (@) = 0.

Now let u € K, as D is disjoint from s(H) we also have K is disjoint from s(H).
Therefore 144y (11) = 0 and thus (f — f * L)) (1) = f(p) — f(@) sy () = f(p). The
fact p(f) = 1x completes the claim.

With these claims in place we can see that 1x = (f — f * 1ym)) * 1x € I, we now
show that K = (). By way of contradiction assume that K # (), then as K C D we get
that 1x ¢ Ar(GO \ D) = I N Az(G©®) by Lemma |4.6| giving the contradiction. Thus
K = ) proving our claim that Agr(D)Np(I) = {0}. By assumption G is effective, so we
can apply [8, Corollary 3.3] to see that every non-trivial basic ideal of Agx(Gp) contains

a function supported entirely on D, hence p(I) must be trivial, that is p(I) = {0}
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Let f € I, then p(f) = 0 which implies f € Ar(Ggo)p). For the reverse inclusion note
that
Ar(Ggonp) = span(ly : U is a compact open bisection such that s(U) C G\ D)
= span(ly * 14y : U is a compact open bisection such that s(U) C G\ D)
c I

?

as s(U) C GO\ D implies 141 € I by Lemma . O
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5. NON-BASIC IDEALS IN STEINBERG ALGEBRAS

We now have a complete classification of the basic ideal structure of the Steinberg
algebra of a strongly effective groupoid. In this section we attempt to extend this clas-
sification to include non-basic ideals of the algebra as well. A similar classification was
done in [7, Section 6] for Kumjian-Pask algebras where they show that an ideal of the
ring multiplied by the whole algebra can give non-basic ideals. In particular they prove
that under the equivalent higher-rank graph conditions for effective and minimal that this
map is surjective [7, Proposition 6.4]. In the more general case however, their map does
not appear to include all the non-basic ideals of the algebra. We generalize this map to
the Steinberg algebra setting as well as extending it so that it includes more non-basic
ideals of the algebra. To show our map extends and generalizes the Kumjian-Pask version

we prove that when G is effective and minimal the map is a bijection.

Theorem 5.1. Let G be an ample, Hausdorff groupoid, and R a commutative ring with
identity. Let H be the set of all open invariant subsets of GO0, and let P be the set of all
functions m: H — L(R) such that the following conditions hold:

(1) For every Ey, Ey € H
By C By, = 7(Ey) C n(Ey).
(2) For every E € H, whenever ¢ C H such that |J¢ = E we have
m(E) = () (Eo)
Eo€é

Then the map T : P — L(Ag(G)) given by
[(m) = spangep {m(E)Ar(Gr)}
18 an injection.

Before we begin with the proofs of this section we first introduce some remarks that
allow us to more easily work with functions belonging to I'(7). As it stands now we can
only regard functions of I'(7) as a sum of functions each multiplied by an element of R.
This characterization is particularly difficult to work with so we introduce the following
remarks to better understand these functions. The first of these gives us a more convenient
way to write these functions.

Remark 5.2. Let f = 3" rg) ayilys = > rpavglu, € I'(7), where each rp € m(E)

EeH i E€H,i
and each s(Uy) C E. It follows that for each E and i, [s(U%)] C E, therefore using
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condition (1) of the map 7 we can assume that Ey = [s(U)] as rpay; € 7([s(Ug)]). That

is we can write f € I'(7) as f = > ayly with each ay € 7([s(U)]).
UeF

Next we note that as with general functions in the algebra Ar(G) we can assume that
functions in the set I'(7) are finite sums of disjoint compact open bisections. We do this
using the same technique as in [9, Remark 2.5], however we include the whole argument
for clarity as we can not assume the disjointification process gives that the ring scalars

ay are still elements of their associated 7 ([s(U)]).

Remark 5.3. Let f = > ayly € I'(w), with each ay € w([s(U)]). We first construct the
UeF
collection F* which we define to be all possible intersections of elements of F'. As F' C F*

this collection still covers supp(f). As the elements of F' are compact open bisections

it follows that the elements of F* are compact open bisections. We now disjointify this

collection, for U* € F* we define Vi« := U* \ U B*. The collection F}, :=
B*eF*:U*ZB*
{V« : U* € Fx} can easily be verified to be a disjoint cover of supp(f) by compact open

bisections.

With this new collection we can write f = >, cp.( >, ay)ly. Fix V € Fp, for
P vervcu

each U € F : V C U we have that s(V)) C s(U) and hence [s(V)] C [s(U)], therefore
we can use condition (1) of the map 7 to see that ay € 7([s(V)]). This holds for every
UeF:V CUsoas([s(V)]) is an ideal it follows that >~ ay € n([s(V))]).

UeF:VCU

Putting these two remarks together gives us that we can write f € I'(w) as f = > ayly
where each U is disjoint from the others and each ay € w([s(U)]).

With these two remarks in hand we can begin our proof of Theorem[5.1] However before
we begin we first need the following technical lemma. The usefulness of our two previous

remarks becomes apparent here as it makes the proof of this lemma almost trivial.

Lemma 5.4. Let m € P with P defined as in Theorem [5.1. Suppose for some compact
open K C G and r € R that rlx € T'(7), then r € 7([K]).

Proof. We can write rlx = > ayly where each ay € w([s(U)]), by Remark we can
assume each U is disjoint from the rest and hence each U C K and ay = r, in particular
we get that K = JU. Thus

Kl =1Jvi=rs UV =Ur ) =],

so condition (2) of the map 7 implies that 7([K]) = (7 ([V]). Putting this all together
gives r € w([K]). O
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proof of Theorem [5.1 We first verify that this map gives us an ideal of Ax(G). Fixm € P
and let f € I'(m). Using Remark [5.3| we can write f = ) ayly with each ay € 7([s(U))])
and each U disjoint from the rest, this sum is finite so f € Ax(G).

To see I'() is closed under ring multiplication let r € R, then

rf:rZaUlU:Z:mUlU e I'(m)

as each m(E) is an ideal of R, so ray € w([s(U)]).
To see I'(w) is closed under algebra multiplication by elements of Ag(G) let g € Ar(G),
then

f*g:ZaUlU*g:ZaU(lU*g).

EcH EcH

Fix such a U then by Lemma Ar(Gswy) is an ideal of Ar(G). Therefore 1y * g €
AR(G[s(U)]) and so ayly x g € W([S(U)])AR(G[S(U)]).

We now show this map is injective, let 7, m € P such that I'(m) = ['(m2). We show
that m; = m. To do this we fix an F* € H and it suffices to show that m;(E*) C ma(E*)
as the reverse inclusion uses the same argument. Let r € m(£*) and fix p € E*. As G is

ample we can find a compact open neighborhood of u, K, € E*. We have

rlxg € [I'(m) from condition (1) of the map 7
= F(TFQ).

Thus by Lemma .4 r € n([K,]).
This holds for every pu € E*, so as the collection of open invariant sets {[K,] : p € E*}

covers E* we can apply condition (2) of the map 7 to see
re () m((K,]) = m(E).

O

As the map I is an extension of the map introduced in [7, Section 6] for the Kumjian-
Pask algebra setting we can recover their result generalized up to the Steinberg algebra
setting. However to do this we need another corollary of the Cuntz-Krieger uniqueness
theorem [8, Corollary 3.3]. If we look into the details of the proof of the corollary and
its associated theorem given in [8, Theorem 3.2] we can see they actually prove this more
general version but do not include it in their statement of the theorem. To save the reader
working through the proof in [§] we include in here for completeness. We give a slightly

different argument to avoid repetition.
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Lemma 5.5. Let G be an ample Hausdorff groupoid, and R a commutative ring with

identity. Suppose G is effective and let I be an ideal of Agr(G). Let f = > ayly € 1,
UeFr
then for every V. € F there exists non-empty compact open K C s(V') such that ayly € I.

Proof. Fix f and V' as in the statement of the proof. We have that 1y-1 % f = ay 1) +

> ayly-iy € I. We copy the technique we used in [8, Lemma 3.1] to show that
UeF\{V}

VU is disjoint from s(V) for each U € F \ {V}. Fix such a U and let u € s(V), and
suppose by way of contradiction that u € V~'U. Then there exists « € V and f € U
such that o' = u which implies that 8 = «, a contradiction as V N U = 0.

Let B € F\{V}, as G is effective we can apply Lemma to get non-empty compact
open K C s(V) such that K(V'B)K = (). Thus is follows from the fact that V!B is
disjoint from s(V') that

Ik lyrs folg = lgxavly*le+ Y aplgxlyp*lg
UeF\{V}
= aylg + Z ayls-(mynv-1une-1 (k) € 1.
UeF\{B,V}

Note that now s {(K) N VU NrY(K) C V7IU is disjoint from K C s(V) for each
U e F\{B,V}, so we can repeat this process until F' is empty to get left with ay1x € [

for some non-empty compact open K C s(V). O

Theorem 5.6. Let G be an ample Hausdorff groupoid, and R a commutative ring with
identity. Suppose G is effective and minimal, then the map I given in Theorem s a

bijection.
Proof. We first note that in this case as G is minimal the map I" reduces to
7 7(GO)AR(G)

Using the result of Theorem it suffices to show that this map is bijective. Let I be an
ideal of AR(G), then we claim that 7(G) = {r : r1x € I for all compact open K C G}
satisfies I = w(G)Ag(G). The fact that 7(G) is an ideal of R is easy to verify, and it
trivially satisfies that necessary conditions as G is the only non-trivial open invariant
subset of G from the minimality of G (this is also a consequence of Lemma .

Let 7f € m(G)Agr(G), then rlgx € I for all compact open K C G, in particular
TLssupp(p)) € I and hence rf = f * 171 upp(p)) € 1.

Let f = Y ayly € I and fix a V € F. We can apply Lemma to get a compact
UeF

open K C s(V) such that aylx € I.
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Now let K’ C G and take € K’. As G is minimal we must have that [K] = G© so
there exists 7, € G such that r(v,) = p and s(v,) € K. Let B, C G\ G be a compact

open bisection containing 7, then

lB# *ay Ly * 13;1 = aVlr(Buﬂs—l(K)) el.

As 7, € B, N s 1(K) we get that u = r(y,) € r(B,Ns 1(K)).

Because of this we can see the collection {r(B, Ns 1(K)): p € K'} covers K', thus as
K’ is compact we can take a finite sub-collection which we will label {r(B,, N s~ 1(K)) :
0 <t < M}. Note that these are compact open sets so by [0, Remark 24] we can assume
they are disjoint, and hence

aylg = Z aVlT(Butmsil(K)) €l
0<t<M

Thus ay € 7(G) and therefore ayly € 7(G@)AR(G). As V was chosen arbitrarily it

follows that f = > ayly € 7(G)Ar(G). O
UeF

We would like to prove the map given in Theorem [5.1]is a bijection when G is strongly
effective. Many examples suggests this conjecture is true, but unfortunately we have not
been able to give a proof confirming our suspicions. We leave this as an open question and
invite the reader to attempt to prove the result or construct a counter-example. Proving
this result would be important as it has not been shown to be true for either Kumjian-
Pask algebras, semi-group algebras, or Leavitt path algebras. To assist with any further
research into the question we present below what we believe to be the inverse of the map

I' given in Theorem and we show that is satisfies the required conditions.

Lemma 5.7. Let the setting of this proof be the same as in Theorem[5.1] If I is an ideal
of Ar(G) then the map m: H — L(Ar(G)) defined by

n(E)={r € R:rlg €1 for all compact open K C E}
15 1n P.

Proof. To show m € P we must show it satisfies both the required conditions. We begin
with condition (1), let Fy, Fy € H such that Fy C E,. Suppose r € m(FEy), then rlg, € I
for all compact open Ky C Es. Let K; C E; be compact open, then as K; C E; C Ey we
have rlg, € 1.

Now fix £ € H and let ¢ C H such that |J¢ = F, we want to show that n(E) =

U w(E*). Let r € w(E), then by condition (1) r € w(E*) for all E* C E. Hence

E*co

re U m(E*). Let r € |J 7(E*) and fix a compact open K C E. For each p € K
Exe¢ E*e¢
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there must exists some K, € ¢ that contains p as ¢ covers E. Therefore as r € m(kK),)
there exists a compact open K, C E, that contains u and with rlg, € I. The collection
{K, :pe€ K} covers K as K is compact there exists a finite subcover, say {K,, : 0 <i <
N} for some N. We now construct the disjointification of this set as in [9, Remark 2.5] to
get the collection {K/jl : 0 <i < N}. By the nature of this construction each K n G K,,
and so TlK;i = rlK;i * 1k, € I, hence

rly = Z rlg; €1

0<i<N
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